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$\bullet$ $X\subset S^{d-1}$ $X=-X$ $X$ antipodal
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$\bullet$ FOr $P=(p_{1},p_{2}, \ldots,p_{d}),$ $Q=(q_{1}, q_{2}, \ldots, q_{d})\in \mathbb{R}^{d},$
$PQ=\sqrt{\sum_{i=1}^{d}(p_{i}-q_{i})^{2}}$
Definition 2.1.
$\bullet$ For $X\subset \mathbb{R}^{d}(|X|<\infty),$ $A(X);=\{PQ:P, Q\in X, P\neq Q\},$ $a(X)=$
$|A(X)|.$
$\bullet$ $a(X)=k$ $X$ k-distance set
$\bullet$ k-distance set k-distance set
( )
$X_{1} X_{2} X_{3} X_{4}$
$A(X_{1})=\{1\}$ $A(X_{2})=\{1, \sqrt{2}\}$ $A(X_{3})=\{1, \tau\}A(X_{4})=\{1, \sqrt{2}, \sqrt{3}\}$
1-distance set 2-distance set 2-distance set 3-distance set
$( \tau=\frac{1+\sqrt{5}}{2})$
$n$ $n$ $\lfloor\frac{n}{2}\rfloor$ -distance set, 12
20 3-distance set, 5-distance set
$k$-distance set $X\subset \mathbb{R}^{d}$ $d$ $a_{-}(X)$
distance set
Definition 2.3.
$\bullet$ $DS(d, k)$ $:= \max${ $|X|$ : $X$ is a $k$ -distance set in $\mathbb{R}^{d}$ }.
$\bullet$
$\mathbb{R}^{d}$ k-distance set $X$ $|X|=DS(d, k)$ optimal
Problem 2.4. $k,$ $d$
$\bullet$ $DS(d, k)$
$\bullet$
$\mathbb{R}^{d}$ $k$-distance set $DS(d, k)$
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2.1 Tight two-distance sets
Theorem 2.5. $S^{d-1}\subset \mathbb{R}^{d}$ ($re\mathcal{S}P$ . antipodal) $k$ -distance set
$(\begin{array}{ll}d+k -1k \end{array})+(\begin{array}{ll}d+k -2k -1\end{array}) (resp. 2(\begin{array}{ll}d+k -2k -1\end{array}))$
tight (antipodal) $k$-distance set tight k-
distance set
Problem 2.6. $d=2,6,22$ $S^{d-1}$ tight 2-distance set
$d\geq 3$ $d=(2n-1)^{2}-3$ ( $n$ : )
(Bannai-Damerell [2, ])






$S^{d-1}$ tight 2-distance set
$\Leftrightarrow S^{d}$ tight antipoda13-distance set
$\bullet$
$S^{1}$ : tight 2-distance set ( 5 )




Definition 3.1. $G=(V(G), E(G))$
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$\bullet$ $Y\subset V(G)$
$Y$ $G$ $rightarrow v\sim w$ for $_{v,w}\in Y$
$\bullet$ $\alpha(G):=\max$ { $|Y|$ : $Y$ is an $ind$. set in $G$} : $G$
Definition 3.2. (Diameter graph )
$\bullet$ $D(X):= \max A(X):X\subset \mathbb{R}^{d}$ diameter
$\bullet$ $G:=DG(X):X$ diameter graph
$\{\begin{array}{ll}V(G)=X, For P, Q\in X, P\sim Q if PQ=D(X) .\end{array}$
Example 3.3. $P_{n}$ $n$ $C_{n}$ $n$
$n$
$DG(R_{2m+1})=C_{2m+1}, DG(R_{2m})=m\cdot P_{2}.$
diameter graph $X$ k-distance set
$X$ diameter graph $G=DG(X)$ $V(G)$




$V(DG(X))$ $\supset$ $H$ : an independent set
$Y$ $(k-1)$-distance set.
Lemma 3.4. $\{A, B, P, Q\}\in X\subset \mathbb{R}^{2}$ $AB=PQ=D(X)$
2 $AB,$ $PQ$
diameter graph
Proposition 3.5. $X\subset \mathbb{R}^{2}$ $G=DG(X)$
(i) $G$ $C_{2m}(m\geq 2)$ ;
(ii) $G$ $C_{2m+1}$ $V(G)\backslash V(C_{2m+1})$
$G$
Proposition 3.6. $X\subset \mathbb{R}^{2}(|X|=n)$ $G=DG(X)$ diameter
graph $G\neq C_{n}$ $\alpha(G)\geq\lceil\frac{n}{2}\rceil$
Example 3.7. $X$ 9-point 4-distance set diameter graph
$G=DG(X)$
$\bullet$ $G=C_{9}$ $X=R_{9}$ ( $\cdot.\cdot X$ -distance set)
$\bullet$ $G\neq C_{9}$ $\alpha(G)\geq\lceil\frac{9}{2}\rceil=5$ . $X$ 5-point (at most)
3-distance set
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3.2 4 2-distance set
2







$G_{1} G_{2} G_{3} G_{4} G_{5}$
( 2 )
$\bullet$ 2-distance set




Definition 3.8. $G$ orthogonal graph
$H\subset V(G)(2\leq|H|\leq|V(G)|-2)$
$N(w_{1})\backslash H=N(w_{2})\backslash H (^{\forall}w_{1}, w_{2}\in H)$
$N(w)=\{v\in V(G)|vw\in E(G)\}.$
Definition 3.9. $A(X)=\{a, b\}(a<b)$ 2-distance set $X$
( ) $G$
$\{\begin{array}{l}V(G)=X,(p, q)\in E\Leftrightarrow d(p, q)=a.\end{array}$
2-distance set 2
2-distance set
Example 3.10. $G$ orthogonal graph
2-distance set $X$
$G\Leftrightarrow X\subset \mathbb{R}^{4}$
$\bullet$ $Y$ spherical $Y\perp X\backslash Y$
$\bullet$ $\dim(Y)+\dim(X\backslash Y)=4$ $Y\subset \mathbb{R}^{2},$ $X\backslash Y\subset \mathbb{R}^{2}$
$\bullet$
$Y\subset \mathbb{R}^{2}$
$\bullet$ $X\backslash Y$ 4
$t$
$($
$xy$ -plane $zw$ -plane
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$a=\sqrt{\frac{7-4\tau}{20}},$ $b= \sqrt{\frac{11\tau+7}{20}}(\tau=\frac{1+\sqrt{5}}{2})$ .
4 2-distance set
4.1 2-distance set
Theorem 4.1 (Einhorn-Schoenberg [4]). $n$ $n-1$
2-distance set $n-2$
1
2-distance set / $N$ 2-distance set $M(G)$
$d(G)$
Example 4.2. 4 2
4.2 Tight graph
Theorem 4.3. $G$ $n$
$d(G)+d(\overline{G})\geq n-1.$
Definition 4.4. tight graph
Problem 4.5. Tight graph
Example 4.6. tight graph
1. ( : $r$ $K_{i,i,\ldots,i}$ ).
2. $K_{i,j}$ ($i=j$ ).
3. 9 $G_{1},$ $G_{2},$ $G_{3}.$
$(d(G_{i})=4, G_{1}=\overline{G_{1}}, G_{2}=\overline{G_{3}})$
4. 45 $G$ . (Lisonek[5])
Remark 4.7. 3 2-distance set non-spherical




Example 4.8. $G=K_{nnn_{r}}1,2,\ldots,(n_{1}\geq n_{2}\geq\cdots\geq n_{r})$ $X=M(G)$
(i) $n_{1}=n_{2}=\cdots=n_{t}>n_{t+1}$ $X$ spherical
$d(G)=n-t, X\subset M(G’)$ .
$G’=K_{n_{1},n_{1,\ldots,1}}n$ ( $r$ ).
(ii) $n_{1}\neq n_{2}$ $X$ non-spherical $d(G)=n-2$
4.3 Design and distance set
Theorem 4.9 (Nozaki-$S$ . [9]). $d(G)+d(\overline{G})=n-1\Leftrightarrow X=M(G)$
constant weight Euclidean 2-design 2-distance set
strongly regular graph $\Rightarrow$ $??$?
spherical 2
$\Uparrow$
-design $\Rightarrow$ constant weight
$Euclidean\Downarrow$
$2$-design
and 2-distance set and 2-distance sets
$d(G)+d() \frac{\Downarrow}{G}=n-1$ $d(G)+d( \frac{\Downarrow}{G})=n-1$
and spherical
Conjecture 4.10. $\mathbb{R}^{3}$ 5-distance set 20
$DS(3,5)=20.$
spherical design
Theorem 4.11 (Nozaki-Suda [10]). $X$ antipodal 5-distance set $\max-$




Roy ([11]) 5 2-distance set







5, $c<(\tau_{1}+1)/\tau_{1},$ $c\neq(\tau_{2}+1)/\tau_{2}$ $d=n-2.$
$A(X)=\{c, 1\},$ $\tau_{i}$ $G$ $i$
$m_{i}$
[9] 5 Type 1,2,5 2-distance








$\bullet$ $d=4:9$ non-spherical 2-distance set 3
$\bullet$ $d=5:10$ non-spherical 2-distance set
$\bullet$ $d=6:17$ non-sphsrical 2-distance set
Table $B$
Problem 4.14. TyPe 3
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5 Appendix
$G_{4}$ $x_{0}=2$ $\frac{1}{2},$ $y_{0}=\sqrt{t^{2}+\frac{1}{4}},$ $z_{0}=\sqrt{-4t^{2}+3t-\frac{1}{4}}$
$a= \frac{3-\sqrt{5}}{8}(=\sin^{2}\frac{\pi}{10}),$ $b= \frac{3+\sqrt{5}}{8}(=\sin^{2}\frac{3}{10}\pi)$
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